Abstract. In this paper, we prove that every 2-local derivation on Witt algebras
Introduction
In 1997, Šemrl [7] introduced the notion of 2-local derivations on algebras. Namely, for an associative algebra A, a map ∆ : A → A (not necessarily linear) is called a 2-local derivation if for every x, y ∈ A, there exists a derivation D x,y : A → A such that ∆(x) = D x,y (x) and ∆(y) = D x,y (y). The concept of 2-local derivation is actually an important and interesting property for an algebra. Recently, several papers have been devoted to similar notions and corresponding problems for Lie (super)algebras L. The main problem in this subject is to determine all 2-local derivations, and to see whether 2-local derivations automatically become a derivation of L. In [1] it is proved that every 2-local derivation on a finite-dimensional semi-simple Lie algebra L over complex numbers is a derivation and that each finite-dimensional nilpotent Lie algebra with dimension larger than two admits a 2-local derivation which is not a derivation. In [8] Yusupov studied 2-local derivations on univariate Witt algebras. In the present paper we study 2-local derivations on multivariate Witt algebras.
The Witt algebra W n of vector fields on an n-dimensional torus is the derivation Lie algebra of the Laurent polynomial algebra A n = C[t ±1 1 , t ±1 2 , · · · , t ±1 n ]. Over the last two decades, the representation theory of Witt algebras was extensively studied by many mathematicians and physicists; see for example [2, 3, 6] . Very recently, Billig and Futorny [2] obtained the classification for all simple Harish-Chandra W n -modules.
In Section 2 we recall some known results and establish some related properties concerning Witt algebras. In Section 3 we prove that every 2-local derivation on Witt algebras W n is a derivation. In Section 4 we obtain similar results for W ∞ . Finally, in Section 5 we show that the above methods and conclusions are applicable for Witt algebras
Throughout this paper, we denote by Z, N, Z + and C the sets of all integers, positive integers, non-negative integers and complex numbers respectively. All algebras are over C.
The Witt algebras
In this section we recall definitions, symbols and establish some auxiliary results for later use in this paper.
A derivation on a Lie algebra L is a linear map D : L → L which satisfies the Leibniz law
The set of all derivations of L is a Lie algebra and is denoted by Der(L). For any a ∈ L,
, ∀x ∈ L is a derivation and derivations of this form are called inner derivations.
n ] be the Laurent polynomial algebra and W n = Der(A n ) be the Witt algebra of vector fields on an n-dimensional torus. Thus W n has a natural structure of an A-module, which is free of rank n. We choose
as a basis of this A-module:
and let {ǫ 1 , . . . , ǫ n } be the standard basis of Z n . Then we can write the Lie bracket in W n as follows:
The subspace h spanned by d 1 , . . . , d n is the Cartan subalgebra in W n . We may write any nonzero element in W n as α∈S t α d α , where S is the finite subset consisting of all
Then we get the following formula
) the set of all infinite sequences α = (α 1 , α 2 , α 3 , · · · ) where α i ∈ Z (resp. Z + , C) and only a finite number of α i can be nonzero. We can obtain similar definition and formula for the Witt algebra
We proof the following key lemma at first. Lemma 2.2. For any k ∈ Z\{0}, the centralizer of (t
where S is the finite subset consisting of all α ∈ Z n with d α ∈ h \ {0}. Take a term t β d β of maximal degree with respect to some t i in the right-hand-side of (2.1). Suppose β = 0 (if it exists). Claim 1. We must have t
. We see that the term d of maximal degree with respect to any t i in x ′ is in the Cartan subalgebra h. Therefore
we see a contradiction. We must have x ′ = 0. For k < 0, we may take terms of minimal degree instead. So for any k ∈ Z \ {0}, the centralizer of (t
From Proposition 4.1 and Theorem 4.3 in [4] we know that any derivation on W n (resp. W ∞ ) is inner (resp. locally inner). Then for the Witt algebra W = W n or W ∞ the above definition of the 2-local derivation can be reformulated as follows. A map ∆ on W is a 2-local derivation on W if for any two elements x, y ∈ W there exists an element a x,y ∈ W such that
In general, a 2-local derivation ∆ on a Lie algebra L is a derivation if for any two elements x, y ∈ L and c ∈ C we have
2-Local derivations on W n
Now we shall give the main result concerning 2-local derivations on W n . Theorem 3.1. Every 2-local derivation on the Witt algebra W n is a derivation.
For the proof of this Theorem we need several Lemmas. Let µ be a generic vector in C n and
Proof. For x and d µ , there exists an element a = β∈Z n t β d β ∈ W n , such that
This means that a = d 0 ∈ h. Thus
Lemma 3.3. Let ∆ be a 2-local derivation on W n such that
Proof. Suppose k = 0, 1.
It implies that c = 0, otherwise there exists a nonzero term c(k
Proof. Take an arbitrary nonzero element x = α∈S t α d α ∈ W n , where S is the finite subset consisting of all α ∈ Z n with d α ∈ h \ {0}. Let n x be an index such that |α i | < n x for any α ∈ S. For the fixed k > 2n x , there is an element a ∈ W n such that
Then a = c(t
It implies that c = 0, otherwise there exists some t i whose degree is more than n x for any term in ∆( α∈S t α d α ). So ∆ = 0. Now we are in position to prove Theorem 3.1. Proof of Theorem 3.1 Let ∆ be a 2-local derivation on W n . Take an element a ∈ W n such that
Set ∆ 1 = ∆ − ad(a). Then ∆ 1 is a 2-local derivation such that
By Lemma 3.3 and Lemma 3.4, it follows that ∆ 1 = 0. Thus ∆ = ad(a) is a derivation. The proof is complete. ✷
2-Local derivations on W ∞
In this section we shall determine all 2-local derivations on W ∞ . For a given n ∈ N, we know that
We still suppose that µ is a generic vector in C n and d µ = µ 1 d 1 +· · ·+µ n d n . The Cartan subalgebra of W ∞ (resp. W n ) is denoted by h ∞ (resp. h n ). For convenience we define
Lemma 4.1. For a given n ∈ N and any k ∈ Z \ {0}, the centralizer of (t
Proof. We firstly deal with the case k > 0.
where S is the finite subset consisting of all α ∈ Z ∞ with d α ∈ h ∞ \ {0}. Take a term t γ d γ of maximal degree with respect to some t i (1 ≤ i ≤ n) in the right-hand-side of (4.1). Suppose that γ / ∈ K n (if it exists). Claim 1. We must have t
We see that γ = β + kǫ i for some β ∈ K n . Claim 1 follows. Now a finite sum β∈Kn c β t β t k i d µ , where c β ∈ C, are the only terms of maximal degree with respect to t i in (4.1). Hence, to delete the terms
there must be the term β∈Kn c β t
We see that the terms of maximal degree with respect to any
For k < 0, we may take terms of minimal degree instead. So for any k ∈ Z \ {0}, the centralizer of (t
Lemma 4.2. For a given n ∈ N, let ∆ be a 2-local derivation on W ∞ such that ∆(d µ ) = 0. Then for any nonzero element x = α∈S t α d α ∈ W n , where S is the finite subset consisting of all α ∈ Z ∞ with α i = 0, i > n such that d α ∈ h ∞ \ {0}, we have
Proof
This means that a = β∈Kn t β d β . Thus
Lemma 4.3. For a given n ∈ N, let ∆ be a 2-local derivation on W ∞ such that
By Lemma 4.2 we have
It implies that c β = 0, otherwise there exists a nonzero term c
Lemma 4.4. For a given n ∈ N, let ∆ be a 2-local derivation on W ∞ such that ∆((t
Proof. Take an arbitrary nonzero element x = α∈S t α d α ∈ W n , where S is the finite subset consisting of all α ∈ Z ∞ with α i = 0, i > n such that d α ∈ h ∞ \ {0}. Let n x be an index such that |α i | < n x for any α ∈ S. For the fixed k > 2n x , there is an element a ∈ W ∞ such that
Then by Lemma 4.1
By Lemma 4.2, we have
It implies that c β = 0, otherwise there exists some t i (1 ≤ i ≤ n) whose degree is more than n x for any term in ∆( α∈S t α d α ). So ∆ Wn = 0.
Theorem 4.5. Any 2-local derivation on W ∞ is a derivation.
Proof. Let ∆ be a 2-local derivation on W ∞ . For any x, y ∈ W ∞ , there exists n ∈ N such that x, y ∈ W n < W ∞ . Take an element a ∈ W ∞ such that
By Lemma 4.3 and Lemma 4.4, it follows that ∆ 1 Wn = 0 and ∆ Wn = ad(a) Wn . Then
Therefore ∆ is a derivation.
2-Local derivations on
For n ∈ N, we have the Witt algebra W
which is a subalgebra of W n . We use h n to denote the Cartan subalgebra of W n which is also a Cartan subalgebra (not unique) of W + n . We know that 
